Nonequilibrium Thermodynamic Theory

for Concentration Profiles

in Liquid Extraction

ALPHONSE HENNICO and THEODORE VERMEULEN

The pattern or- profile of concentration change in each of the twe countercurrent streams,
within a packed extraction column involving a three-component system, is generally assumed
to follow either branch of the mutual-solubility curve for the system. In the work reported here
such concentration profiles have been computed for an idealized extraction. The results show
that the roffinate will usually be carried into a metastable condition inside the equilibrium curve,
but the extract composition remains appreciably outside the equilibrium curve.

In the calculations mass transfer coefficient ratios are held constant at any one steady state
condition of operation (cailed a run), but are varied in different runs, in order to determine
the direction and magnitude of their effects. A modified activity-gradient, derived both for
molecular diffusion and for penetration-theory conditions, is postulated to govern mass transfer
and is used in place of the usual concentration driving potential. Solute depletion, mainly, is
found to explain the result for the raffinate phase in much the same way that temperature
lowering leads to supersaturation in binary solutions. Solute enrichment is the couse of the

extract-phase behavior.

For ternary liquid systems under-
going countercurrent extraction in
packed columns or other nonstaged
equipment, caleulation of the separa-
tion desired or obtained is often based
upon the assumption that the composi-
tion of each coexisting phase lies on
the mutual-solubility curve (26, 29).
By contrast, certain studies of mass
transfer rates between immiscible
phases in binary systems have dealt
entirely with the observable incom-
pleteness of saturation in such systems,
compared with the condition of equi-
librium (4, 21). It is also well known
that in binary and multicomponent
systems a metastable range of compo-
sitions exists inside and adjacent to the
mutual-solubility values, where nuclea-
tion will not occur spontaneously (8,
10, 19, 20, 24, 25). In this metastable
region diffusion to a second phase is
believed to provide the sole mechanism
by which the system can tend toward
equilibrium. Thus it is possible, in
principle, to encounter nonequilibrium
compositions that may lie either inside
or outside the equilibrium solubility
curve.

This paper examines the pattern of
deviations from the mutual-solubility
curve to assess the validity of the usual
calculations and to see how the devia-
tions can be related to the mass trans-
fer coefficients for the individual com-
ponents. It is assumed that the con-
centrations vary continuously from
point to point, as in a packed column;
that no longitudinal dispersion occurs,
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although this effect would not upset
the qualitative conclusions that are
found to apply in its absence; and that
diffusion in the temary mixture can be
described effectively by the relations
derived for binary solutions.

The results obtained, which depend
upon standard approaches to thermo-
dynamics and to mass transfer, indicate
in some cases that the concentration
profile can penetrate into the metastable
range, in other words that equilibrium
is approached from the metastable side
rather than from the ordinarily stable
side. This conclusion, although plaus-
ible and consistent with existing knowl-
edge of phase equilibrium and mass
transfer, has not been tested experi-
mentally. To do so will require ex-
tremely accurate measurements; work
in progress is being directed toward
this objective.

THERMODYNAMIC BACKGROUND

In a two-phase liguid nonelectrolyte
system the thermodynamic activity of
each component, in either phase, is
customarily expressed as a fraction of
the activity of the corresponding pure
component. Equilibrium is the condi-
tion in which the activity of each com-
ponent is the same in both phases,
corresponding to tie-line composition
values whose locus forms the mutual-
solubility curve. Figure 1 for a tern-
ary system shows a set of activity con-
tours, for the three components, which
participate in two (matching) three-
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way intersections and thus define the
ends of an equilibrium tie-line.”

Equations

Conclusions of a general type are
sought in this investigation that will be
independent of the particular calcula-
tion methods used. In order to obtain
the greatest self-consistency the tern-
ary system to be treated is defined
mathematically rather than by experi-
ment. The generality of the results is
not reduced if one uses the simplest
(two-suffix) equations for activity co-
efficients; these are contained, for in-
stance, in Wohl's equations for ter-
nary systems (31). In this treatment
for component A in a ternary mixture
ABC the activity-coefficient relation
becomes

In Ya = fA (xA, Xz, xc) = Bup x5 +
Bucxe® + (Bus + Bac— Bue) 2% (1)

The binodal {mutual-solubility)
curve is then obtained by iterative
simultaneous solution of three activity
equations of the following type, one for
each component:

(Il’l as =) Inxun + fA (xA, Xn, xc)l =
In % + fa (x4, s, Xc). (2)

The spinodal curve, which separates
the metastable from the unstable region
(19, 24), is given by

# No intersections that are not matched three-
way intersections will lie on the path formed by
the matched three-way intersections; this leads to
the conclusion that points representing only partial
equilibrium (that is, equal activities of one, or two,
components) must lie off the solubility curve. Fur-
ther, a single-phase ternary mixture has no thermo-
dynamie preference for, or knowledge of, a solu-
bility-curve composition; from this one concludes
that a single phase can be in the metastable region
without preferring to be elsewhere.
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Bas X4 x5 4 Bag %s %o + Bao x5 %0 +
1
E‘ (LxAxBxg—l) =0 (3)

with L = (BAB ~— Byo — Bnc)2 — 4B, *
Bso. This curve becomes tangent to
the mutual-solubility curve at one point
only, the critical or plait point.

Application to a Typical Case

The idealized ternary system to be
used is modeled after the system n-
decane (A)/butadiene (B)/furfural
(C), for which experimental data have
been reported by Smith and Braun
(27). The binary constants selected
are Bic = 0.7396, B, = 1.5376, and
B,z = 4.4100. Because the square roots
of these constants are additive (that
is B = Bu” + Ba”®) L is equal
to zero, and curves of constant activity
coefficient for the three components
are all linear and parallel to the set for
A shown in Figure 1. This type of
addivity conforms to the Hildebrand
solubility-parameter treatment of non-
ideal solutions (186).

A two-phase ternary system is char-
acterized by six concentrations. Of
these, one (for instance x,) may be
taken as the independent variable. Two
others (x4 and xz) are eliminated by
material balance. The remaining three
are determined by solving three simul-
taneous equations, each having the
form of Equation (2). This set is most
easily solved by repeated iteration
which lends itself to use of a digital
computer. First a trial set of concen-
tration values is assumed and is used to
evaluate the activity-coefficient terms
(fs). The equation for ac is then solved
for %, and the remaining equations
are solved simultaneously for xs and
x4 The results are used as a new trial
set, and iteration is repeated until the
results converge.

The equilibrium curve constructed
in this manner is shown in Figure 2;
tie-line behavior is indicated by the
usual type of conjugate line. For refer-
ence the spinodal curve obtained from
Equation (3) is also shown. (The re-
maining curves of this figure will be
described later.)

In order to interrelate activity and
composition on the left-hand branch
of the equilibrium curve, the numerical
results for the latter were fitted to
polynomial equations by linear regres-
sion. The equations used are

. 2
X1 = aw o + @@ G +

a@ Gt + o God (4)
and

%5 = Bw + Bo Xer + Bw Xei® +
Bw %ot + B X' + Bw Xet” (5)

In order, the a values are 0.49556,
0.49156, —0.13455, and 1.6134; the
B’s are 0.013508, 0.049664, 0.034768,
0.53246, —1.3367, and 2.0677. When
a value of ac. is used for solving equa-
tions and the resulting compositions are
then used in Equations (1) or (2), the
mean deviation between the input and
output de: is 3 X 107 activity unit.

SCOPE OF THE MASS TRANSFER
CALCULATIONS

Comparative calculations are reported
in this paper for a number of counter-
current extraction runs utilizing the
ternary system just described. Most of
these calculated runs involve identical
feed and solvent concentrations, identi-
cal extents of extraction of the distrib-
uted component (C), and nearly iden-
tical flow rates. The mass transfer
ratios (kcz/km), (km/km)s and (kAz/
ke,) are all held constant in any one
run and are varied separately in dif-
ferent runs to investigate their influ-
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ence on the path of the extraction
process.

The mass transfer resistance in each
phase is assumed to lie between the
bulk of the phase and the portion
closest to the interface; equilibrium is
assumed to exist at the interface, with
the activity of each of the three com-
ponents at that point having the same
value in both phases. The driving po-
tential that was assumed for the cal-
culations is discussed in the next sec-
tion.

The concentration paths followed by
the two phases during each run have
been calculated by a repetitive step-by-
step procedure, starting at either the
feed end or the solvent end of the
column. Assumed values of exit compo-
sition were varied with respect to car-
rier components A and B, until the
paths computed from the two direc-
tions agreed closely.

The equations used for these nu-
merical calculations will be derived
below, after a discussion of the mass
transfer relations on which the calcu-
lations were based.

DRIVING POTENTIAL FOR MASS
TRANSFER

The driving potential for transfer
between phases is usually defined in
terms of the concentration gradient in
the vicinity of the interface, based
upon broad experience with situations
where activity coefficients within a
phase are essentially constant. In these
terms the rate of mass transfer is

Ny = kg,,' (CBP —_ CBpi) + V#ch (6)

In this treatment concentrations will be
replaced by mole fractions, with ks,
applying to such units. For mnonideal
solutions (with varying activity coeffi-
cients) the authors believe that con-
centration difference should be re-
placed by a modified activity difference
that indicates more accurately the di-
rection and relative magnitude of mate-
rial transfer. Such an activity difference
has been justified theoretically for mo-
lecular diffusion by Hartley (13, 14),
Darken (6), Stearn and Eyring (28),
Jost (17), and others.

Diffusion, as a molecular phenome-
non, must depend upon the concen-
trations of molecules physically present.
It is important to observe that the ac-
tivity difference can be expressed in
units of concentration, if it is divided
by an appropriate mean activity co-
efficient. This quotient can therefore
be considered as a modified concentra-
tion gradient, which evidently reduces
to the familiar concentration-difference
form when the activity coefficient is
constant along the mass transfer path.
Essentially the gradient of activity co-
efficient existing in nonideal solutions
makes it easier for molecules to diffuse
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in one direction than in the other.
These qualitative considerations may
be replaced by the formal derivations
to follow.

Diffusion is not the entire answer
because turbulent transport often pre-
dominates and its mechanism is still
very poorly understood. The writers
believe that penetration theories pro-
vide the most detailed and most likely
model of turbulent transport yet de-
veloped; these involve a steepening of
the gradient that leads to molecular
diffusion rather than its replacement
by some other mode of transport.
Handlos and Baron (11) report trans-
port experiments where the rate is
much higher than would result from
quiescent molecular diffusion, but
where the results still fit activity-gradi-
ent driving potentials rather than con-
centration gradient. Much additional
experimental study is needed of non-
ideal solutions; meanwhile the problem
remains in a state where concentration-
difference driving potentials, although
used traditionally, have never been
proved to apply and are probably in-
correct.

It is not essential to use the activity-
gradient driving potential in order to
solve the present problem, and the re-
sults obtained are not influenced criti-
cally by this particular choice of a
potential. Rather this choice has been
made in the belief that it is funda-
mentally the most accurate one avail-

able.

Diffusion in Nonideal Solutions

The basic reactions will be derived
for binary systems, and the ternary
systems of interest will then be treated
(with due attention to thermodynamic
requirements) as extensions of a binary
system.

For a binary system A-B the mass
rate of transfer of a component A rela-
tive to the mass average velocity, un-
corrected for bulk flow, at constant
temperature, has been given by Bird,
Stewart, and Lightfoot (2) as

R C;” M M D dG]} dxA
= adMy gXp——"
W= RT w5 G, db
(7)

Equation (7) can be transformed to a
relation for the molar flux J.* under
equimolal counterdiffusion (that is rela-
tive to a zero molar-average velocity)
by means of the methods of Bird et al.

(2):

c dG,
L= gp D )
Similarly for component B
C: déA
® __ [
L7 = qr Pesa gy (©)

Since the molar-average velocity is
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zero, J.¥ = — J,*. Equations (8) and
(9) thus conform to the Gibbs-Duhem
equation, xz dGs = —x.dG,.

Activity units will now be intro-
duced. By reference to the component
of interest in its pure liquid state
Gy = Gao + IiTlnaB =

Gro + RT In (ysxz) (10)

Substitution in Equation (8) gives

"CiyDys das
== —— 11)*
J Ja o db (11)

If material transfer is examined in
a single region of an extraction tower,
at steady state, the molar flux J,* will
be a constant at all points in the vicin-
ity of the interface, in the direction of
transfer. Hence Equation (11) can be
integrated between the interface and
the bulk phase, by separating the vari-

ables:
1] LYY C DAB
JB’“J; db = ~_£ — " das (12)
] v

For transfer within either phase C, and
D,; will be nearly constant, and vs
may be replaced by an approximate
average value yam, also treated as con-
stant. These assumptions provide the
result:

. C:D.s . dpz — Qps

| Pl

b Yrm <13)
Clearly one wishes to select a mass
transfer coefficient that will be as
nearly constant as possible. If this co-
efficient is taken as kx = C, D.s/b,
then

ks

Y Bm

Js* = (an—‘llm) (14)

In any practical case Ci, Dus, and b
will each vary somewhat over a range
of conditions, and hence k; will not
actually be constant. However the pre-
cise pattern of variation of k will de-
pend upon the particular system in-

% An alternate approach used by some investi-
gators, among them De Groot (9), Denbigh (7),
Miller (22), and Hamed and French (I12) in-
volves a thermodynamic-potential gradient:

dus 1 (DRT) daz
%y — = — —

L ="D db XB

The coefficient <L‘)RT/:U: thus replaces Ct1Das.

There are two reasons for believing that Dus

(or §)/x) is more constant than 1. The first is

that, for ideal solutions, J* < D (d In xz/db)
rather than Dar(dxz/db); for such solutions all
available experimental data favor the constancy
of D4p. The second reason is the molecular nature
of diffusion; changes in thermodynamic potential
result from changes in molecular composition,
rather than the reverse.

A third possibility for a thermodynamic formu-
lation of tﬁe driving potential would utilize the
fugacity (or activity), as indicated by Opfell and
Sage (23), Johnson (18), and Birchenall and
Meh! (1). This alternative also reduces to the
simple concentration-gradient form for ideal solu-
tions but appears not to have the same theoretical
support as Equation (11). (Compare reference
17). Tests of the modified activity driving poten-
tial must allow for any change in viscosity or
permeability of the medium and also must treat
activity coefficient as a point function, since only
the nature of its variation along the diffusion path
is expected to influence the diffusion rate. Thus a
recent discussion of polyethvlene diffusivities by
Henley and Prausnitz. A.I.Ch.E. Journal, 8, 133
(1962), did not include a test of the present
Equation (11).
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(11a)

volved. For a system where molar
densities, D5, and viscosity are known
as functions of composition, k’s deter-
mined from them can be used in the
step-by-step calculations to be de-
scribed. Instead in the general and
abstract problem considered here the
effect of possible varjations in k can
be treated most explicitly by solving
the problem repeatedly for different
constant values of k. Since changing k
produces a relatively uniform trend in
column behavior, the result for a range
of variation in k in any practical solu-
tion must lie between the types of be-
havior calculated for the highest and
lowest k values in the range.

By using Equation (14) in an over-
all relation for net transport, one ar-
rives at the following extension of
Equation (6) which appears to pro-
vide the most nearly correct simple
form for nonideal binary solutions:

ksy

'ynym

NB = (ag,,—am) + N; xppm (15)

Penetration Theory
The penetration theory relates turbu-
lent transport to molecular diffusion in
certain cases (15, 5). By a procedure
analogous to. the usual development
(in terms of concentration driving
potential) of Fick’s second law from
his first law, Equation (11) can be

shown to yield
ax DAB &a

ot y%’y

(16)

By introducing only the relation be-
tween activity and concentration, one
finds that

ox da 1

—_———_— (17
ot ot ( dlna ) 17
LANFYrY™
From Equations (16) and (17)
da da
% _plt. 18
ot ob* (18)
where
In
D,,:( flna ) Du  (19)
dlnx

With the introduction of ¢; and a: as
the bulk and interface activity values,
with an infinite concentration gradient
at zero time, and with the assumption
that local values of (4 In a/d In x) can
be replaced by an average value across
the transport path, the solution of
Equation (18) becomes

= erf( 2\/b17,,7?> (20)

where erf represents the error function,
defined by the relation

a, — a;

2 14
erf V= ——_f e*dz (21)
V't
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Fig. 2. Equilibrium diagram for idealized ternary system, Cal-
koslker

culated concentration profiles shown for
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ksi/key = 1, kas/koy = 1 with points related by the operat-

ing conjugate line (0. C. L.).

The amount of material diffusing
through the interface is equal to
Jo C:Dy; ( da ) (22)
o y ob /.,

or, from differentiation of Equation
(20)

D, Cila,—ay)

¥ __
I = wt (ama)w (23)
v olnx/,
By defining a new diffusion coefficient
Dy
f= (24)

(6ha)
dlnx/,
Equation (20 may be rewritten as
e _D; Cla;— a:)
i ¥i

This result has the important signifi-
cance that, in the particular case cor-
responding to the penetration-theory
model, the direction of the activity
gradient is shown to govern the direc-
tion of turbulent diffusion as well as
that of molecular diffusion. By assum-
ing as before that y. = v., one ob-
serves in Equation (25) that the ef-
fective mean activity coefficient is an
essential factor in relating the activity
driving-potential to the rate of mass
transfer.

Comparison of Equations (14) and
(25) shows that the correction factor
introduced in Equation (24) would
enter the mass transfer coefficient as a
square root. Calculations on the ideal-
ized ternary system indicate that the
square root varies appreciably from a
constant value, but its variation usually
lies within a factor of \/2. Since this
range of variation would not affect the
qualitative conclusions to be drawn,
the molecular-diffusion relation of
Equation (14) has been used instead

(25)
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Fig. 3. Calculated concentration profiles showing the effect

of the penetration-theory result of

Equation (25) as the basis of calcula-
tions.

Ternary-System Behavior

Each of the two phases under con-
sideration may be viewed as contain-
ing two (or one) major components,
with the remaining one (or two) al-
ways under 6 mole %, and usually
under 3 mole %, of the total phase.
As an approximation which again
serves an exploratory purpose the
transport of the major solute will
be calculated from its binary behavior
with the solvent; the transport of the
minor component will be calculated
from binary diffusion, regarding the
mixture of the two major components
as if it were a single compound; and
transport of the solvent will then be
obtained by difference.

This procedure will be outlined
algebraically for phase 1, where A is
the major component, B the minor one,
and C the solute. For the solute Equa-

tion (15) converts to the form
k

Ny = 2 (acz‘ am) + N: %o1m (26)
Yeim

For the minor component also
k

Ny = = (aBl - am) + N. XB1m (27)
Y Bim

where

N.=N.+ N+ N,  (28)

Theoretically each phase possesses
three independent mass transfer coefli-
cients modeled after three independent
diffusion coefficients. This number is
obtained, for instance, from irreversible-
thermodynamic considerations [De
Groot (9)1; Bird (2) also indicates
this number to be necessary, since each

A.L.Ch.E. Journal

of the kim/koc ratio.

binary pair necessarily introduces its
respective value. The behavior of the
minor component averages the effects
of two of the binary coefficients (2,
30):

X4 + Xo

Xa Xo

DBA DBC
By a material balance with Equation

(28) the equation for diffusion of sol-
vent is

DB,mlx - (29)

ko,
N,= — d (acx_aci)"‘
Yoim
= (am— am) + N, (xm)m (30)
Y Bim

but N, can also be calculated from the
relation

ka:
M= "(31)
If k., and ks are constants, ks, is not
a constant but must be calculated as
follows. The equimolal-counterdiffusion
terms must add to zero:

ko, ks
(aol - aoz) +

ku

p T

The Gibbs-Duhem relation can take
the form

(aAl — au) + N, (xm)

(am - a«m) +

Yoim YBim

(an —aa) =0 (32)

da, das dao
+—+—=0 (33)
Y4 Yr Yo

Integration between the interface and
the bulk phase, with the assumption of
constant v's, gives

apgs —
+

Qa1 — Qai agy

+
'YBlm
Qo — G

')/Alm

—0 (34)
Yeim
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From this the following expression is
obtained:

k.u =
kei(@o, — agy) ki (@n — az)
Youm VBim (35)
Qey — Aoy Ap1— Uz
Yeim Yaim

The calculations to follow will thus
be based upon four adjustable mass
transfer coefficients: ke, and ks, for
phase 1 in which component A pre-
dominates; and ke, and k., for phase 2
in which component B predominates.
Moreover, as one is concerned with
relative values of these coefficients,
ko, will be used as reference. The ratios
km/ km, kcz/ km, and kAg/ km WlH then
need to be defined for each calculated
run, or steady state condition of col-
umn operation.

CALCULATION PROCEDURE
Material Balance

For an incremental section of an
extraction column with unit cross-sec-
tional area normal to the directions of
flow, the mass transfer of component
C between immiscible phases in counter-
current flow can be expressed by

Angy = A(F1 xm) = A(F! xﬂz) (36)

and similarly for each other component.
A total rate of transfer for each com-
ponent (for example n;) is now de-
fined by the relation

ng=AhN, (37)
For an incremental height
Ang = A N, Ah (38)

Mass Transfer

Equation (26) takes the form, for
phase 1

Ang = (AN) Xoum +
ko A AR

Yoim

where An, = A N, Ah. The approxima-
tion is now. introduced that x., can re-
place xum and ye can replace vyoim.
This simplifies the calculations that are
to be made by eliminating an iterative
calculation of the true mean values; the
error thus introduced in the local rate
of mass transfer is always under 10%
and usually under 5%, and it has a
still smaller effect on the comparison of
calculations with different k values.
Therefore as a basis for step-by-step
calculations the following relation is

adopted:

(@or — aos) (39)

An, = A(F, ker) (40a)
= (an,) ke, +
ke A
R A —ae) (40b)
Yo

with similar relations for the remaiing
components in phase 1 and all com-
ponents in phase 2.

Calculation of Any One
Column Increment

An arbitrary, convenient, and uni-
form small increment Axg, (which is
negative for calculations starting at
the feed end and positive for those
starting at the solvent end) is now
selected. Through Equation (40a) this
fixes the value of Ang to be used in the
first step. The driving potentials that
apply at the start of each increment
are assumed to remain constant through-
out the increment. The size of Ax¢ is
reduced in successive runs by factors
of one half to a value (usually 0.002)
where the column profiles have become
independent of the increment used.

"
RUN kei/kog kaz/koc

0.30ewess

As An, is not known, it must be de-
termined by iteration, starting with
An, = Ang as the first trial value. If
this assumption is used, Equation
(40D) yields the relation

. km A Ah(am - act)

An, 41
" ')/01(1 - xm) ( a)
_ kos A Ah (g, — aaz); (41b)
'}'02(1 - xcz)

As knowledge of interface conditions is
needed to use the individual-phase
mass transfer coefficients, Equations
(41a) and (41b) can be solved for the
interface activity ag:, with the result

ko,

1—- Xoz

Yo
Ges : + Gz
kuz 1— %0 Yoz
oy = (42)
Yo1 ko . 1 —xg
Yoz kcs 1—xa

Main Calculational Sequence

Use of Equations (4) to (5) defines
the interface concentration in phase 1,
and Equation (1) then defines the re-
maining interface activities . and da..
These are the same for both phases,
under the authors’ assumption of equi-
librium at the interface. The relative
height of column required for the se-
lected increment of transfer is then
given by the expression

(Ang) (1 — %)

ket A AR = (43)

Aoy

Xo1—
Yeu

with ae: obtained from Equation (42).
From this point on, ke A Ah is used as
a fixed value, and Ak, and An, are al-

lowed to vary from the input values.
By means of relations of the form of
Equation (40b), applied to phase 1
for component B and to phase 2 for
component A, with substitutions of the

type

klll A Ah = (km/km) kcl A Ah (44)

0,25

= T
RUN 12
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kaooc 347

0.30] —t——t 105
0.8l \. 0075 ; \
VR 0.28—— \ o.128
| \ *c2
Vot 0.20 010
\ 005 /
0.10| ¥ \ \ *ge
ih/ A\l 0.15 va 0075
/ \
/4 ) L
) \
008 dse7 “Y \‘ 026 010 \ \ 005
AN
EQUILIBRIUM 3
e CURVE l\ \, \ 005 QUILIBRIUM -t 0.025
\ N CURVE EQUILIBRIUM
l AN CURVE
% G0 002 603 Yoz a0 o O Goi" oo0f ou3 G004 005 006 “gos ooz ool o

-}

Fig. 4. Calculated concentration profiles showing the effect

of the kzi/koc and kao/koc ratios.
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Fig. 5. Calculated concentration profile for a feed with higher

concentration of C.
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TABLE 1. EFFECT OF Mass TRANSFER COEFFICIENT RATIOS ON Exit CONCENTRATIONS

Run
no. kcz/kol km/km kﬂ/km km/koc (xm) out kAz/koo (xu) out
9 0.5 4.0 2.0 21.39 0.01698 10.69 0.01724
2 0.5 2.0 0.25 10.69 0.01699 1.34 0.01420
4 0.5 2.0 4.0 10.69 0.01685 21.39 0.01718
11 2.0 4.0 2.0 8.35 0.01738 4,17 0.01700
5 2.0 2.0 4.0 4.17 0.01756 8.35 0.01817
1 1.0 1.0 1.0 3.17 0.01778 3.17 0.01627
8 0.5 0.5 0.25 2.67 0.01783 1.34 0.01389
6 0.5 0.25 0.5 1.35 0.01927 2.67 0.01580
3 2.0 0.5 4.0 1.04 0.02000 8.35 0.01699
10 2.0 0.5 0.25 1.04 0.02011 0.52 0.00875
7 2.0 0.25 0.5 0.52 0.0210 1.04 0.01170

Ang and Ang (and An,) are determined.
A revised An, is then found as the sum
of (Any + Any + Ang).

Preparation for Next Step of lteration

This new value of An, may be taken
as the starting point for the next round.
This second round of calculation re-
quires a new determination of the
interface conditions, since Equation
(42) is no longer applicable. The value
of g¢¢ can again be eliminated between
the rate terms for component C in
phases 1 and 2, as obtained from rela-
tions of the type of Equation (40b):

Ang (x(n - xazl kcz
’_—‘————“‘kmA Ah + %01 + km Xog
da, =
” L 1k
Yei Yee kcl (45)

This value of G, allows one to re-enter
the main calculational sequence. In the
present calculations both a second and
a third round were made in this way.

Completion of Incremental Calculation

When the input and output values of
An; have converged adequately (to
within *+1.0% ), the values of An ob-
tained can be used to determine the
overall changes in concentration. Equa-
tions of the following type (illustrated
for component C) will be used for
each component in each phase over
the increment:

(Fz)end = (Fl)start + Ang (46)
(ncx)emx = (ncx) start + Ay, (47)
(xc'1)enr1 = (ncl)and/(Fl)end (48)

Similar equations apply to phase 2.
These last equations complete the cal-
culation for any one step.

Overall Calculation Scheme

Most of the runs calculated for com-
parison were based upon nearly the
same flow rates and extents of extrac-
tion and involved transfer of the dis-
tributed component (C) from phase 1
into phase 2. The conditions specified,
at the top of the column, were

(F.)w = 1.000 (Fy) i = 2.600
(xc1)xn = 0.30 (7602)0“ = 0.10
(xﬂl) in = 0'0

Yol. 8, No. 3

and at the bottom of the column

(xgg) 1a = 0.0
(xm) w = 0.0

The averages of the material-balance
results determined by the step-by-step
solutions were

{(Fy)oue = 0.72
(%61) ous = 0.056

The major differences resulting from
a change in the k ratios were in the
values of (xz1)oue and (%42)oun. Calcu-
lations were normally started at the top
of the column, with an assumed value
of (%4)our. Unless the correct value
was used, to at least three significant
figures, the calculation would not con-
verge upon the specified bottom-end
conditions. The way in which the pro-
files deviated from the expected be-
bavior was used as a basis for altering
the assumed value of (%4;) e, and this
was taken as the starting condition for
the next trial calculation. The criteria
for identifying unsatisfactory profiles
were built into a computer program so
that the successive trial values were ar-
rived at automatically.

When satisfactory convergence was
obtained in reaching the bottom-end
conditions, the resulting values of
(%61) outs (F1)our, and (Fs) .. were taken
as input for a calculation up the col-
umn. In almost every case these re-
versed calculations confirmed the pre-
vious result. In two cases convergence
was not obtained when (%u)ewe or
(%pi) oue Was preset to the nearest digit
in the eighth significant figure; in these
cases the true curves could be deter-
mined readily by interpolation.

(F2)in = 2.32

Results

The results of the step-by-step cal-
culations are reported in Table 1 and
Figures 2 through 6, which record the
concentration path followed by each
phase inside the column.

In Figure 2 the pair of concentra-
tion profiles calculated for ke/key = 1,
k81/k(:1 = 1, kAz/k(n =1 (a 1-1-1 run)
is plotted on the triangular graph.
Lines are projected through coexisting
points of the concentration path to
form an operating conjugate line
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(O.C.L.), as well as the usual operat-
ing point (off the plot, to the right).

However in Figure 2 the scale of
the triangular plot conceals the differ-
ence between the actual profile and the
equilibrium curve. Rectangular coordi-
nates allow greater flexibility in choice
of scales and provide a much clearer
view of the concentration-profile be-
havior.

Figure 8 shows, as Run 1, the 1-1-1
run from Figure 2. Two other runs
are shown, for which kz/ks and k!
ke, vary in opposite directions. To give
an idea of the coexisting points in each
run the height in the column corre-
sponding to the knee of the phase-1
curve is identified by a point on each
of the two curves for the run. Figure
4 shows a series of rums, for which
kp/key and kas/kes are always on the
same side of unity; again the knee
points are identified.

In both figures the concentration
path followed by the three components
falls partly inside the equilibrium curve
for phase 1 but stays outside for phase
2. This crossing over is quite general
and occurs for whatever k ratios were
chosen. However the rapidity with
which each concentration profile ap-
proaches the respective equilibrium
curve depends largely on the k ratios.

The concentration profiles for the
two phases behave somewhat inde-
pendently. In Figure 3 the run that lies
tarthest inside the two-phase region for
phase 1 (Run 3) is nearest the equi-
librium curve for phase 2, but in Fig-
ure 4 the run that is farthest on one
side is also the farthest on the other
(Run 7).

In addition to the runs shown in
Figures 3 and 4 four calculations were
made (Runs 8 through 11) with the
same end conditions but with still other
sets of mass transfer coefficients. Since
the results are similar to and consistent
with those shown in Figures 3 and 4,
they are not plotted separately but are
incladed in Table 1. The nearness with
which equilibrium is approached, as a
stream leaves the column, is indicated
by the outlet (x.). and (x;), values;
at equilibrium these would be respec-
tively 0.01878 (precisely) and 0.0165
[approximately, owing to small varia-
tions in the outlet value of (%¢).].

Two other extraction runs with unit
ratios of the mass transfer coefficients
(hence 1-1-1 runs) were also calcu-
lated. Figure 5 shows the concentration
path for a feed richer in C(xe. = 0.50),
calculated with a correspondingly
higher relative flow rate for phase 2.
Again the crossing over occurs for
phase 1 but not for phase 2. Figure 6
shows a reverse extraction at essentially
the same feed-rate ratio used in most
of the forward calculations. For inter-
preting the results of the calculations it
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Fig. 6. Concentration profile for reverse extraction.

is significant that the concentration
path for this reverse run crosses the
equilibrium curve for phase 2 but not

for phase 1

DISCUSSION
Crossing of the Equilibrium Curve

In order to explain this crossing of
the equilibrium curve several factors
must be considered. The crossing is
not due solely to flow conditions be-
cause at constant relative flow rate the
crossing depends on the direction of
extraction. It is more correct to say
that the effect is due to a nonequilib-
rium which is produced by the flow.
Two principal factors must be con-
sidered: the effect of depletion (or en-
richment) of component C, and the
activity behavior of the minor compo-
nent in each phase,

Depletion (or enrichment) of C.
When the composition reaches the
equilibrium line for phase 1 in the for-
ward runs, the driving potential for B
is close to zero and the rate of transfer
of A is around one tenth that of C. As
already indicated, each phase of the
system is characterized by its respec-
tive activities which in themselves do
not provide any abrupt indication that
the composition has reached or crossed
the equilibrium curve. Thus the be-
havior of the phase depends mainly
upon the relatively large rate of de-
pletion of C (in the forward case).
Since the A/B ratio varies quite slowly,
this depletion tends to pull the com-
position inside the curve (see Figure
7a).

For phase 2 in the forward case en-
richment of C provides the major ef-
fect. In this phase this enrichment car-
ries the concentration path away from
the equilibrium line and thus keeps it
from crossing (Figure 7b).
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For the reverse case the opposite
situation is encountered; the depletion
effect of C in phase 2 carries the con-
centration path across the equilibrium
curve, and the enrichment effect of C
in phase 1 pulls it away from it.

Activity effects. From the slope of
the constant-activity lines no transfer
of B from phase 1 (or of A from phase
2 in the reverse case) will occur, ex-
cept through bulk flow, until the com-
position is appreciably inside the equi-
librium line. In the forward case the
activity gradient for B in phase 1
changes in sign only after phase 1 has
crossed the equilibrium curve. Physi-
cally this means that for a time after
phase 1 enters the column it is en-
riched in B; then, after it is well inside
the equilibrium curve, it rejects B
again. This behavior is most easily ex-
plained by Figure 8, which shows the
situation that prevails for phase 1 in
the forward case.

Point I, in this figure, represents in
a general way the equilibrium compo-
sition of the interface corresponding to
some particular bulk-phase composition
of phase 1. The line of constant activ-
ity for component B, through point I,
lies inside the equilibrium curve in the
region where x; exceeds %, (that is
where component C is being removed
from phase 1). As the bulk composi-
tion moves diagonally to the right, the
interface and its as: line move down-
ward. The intersection E’ of the com-
position line with the a;: line shows
the instantaneous situation where s
has overtaken @z and the activity
gradient is in process of changing sign.
In this situation the system may be
said to register the attainment of a
partial equilibrium; however the point
where it is reached is seen not to lie
exactly on the static-equilibrium curve.
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2. Here also the concentration change
due to the diffusion of A first acts in
the same direction as that due to C;
then, after the composition is appreci-
ably inside the two-phase region, the
diffusion of A begins to have an op-
posite effect.

Figure 1 shows that the slope of the
constant-activity lines for B in phase 1
(and A in phase 2) is quite steep, and
this means that the partial-equilibrium
point actually will lie quite close to the
equilibrium line. However the compo-
sition must be inside the partial equi-
librium before back diffusion of B can
begin to compensate for forward diffu-
sion of C.

As a primary conclusion it is fair to
say that the solute-depletion (or solute-
enrichment) effect is the most import-
ant one and is the main cause of cross-
ing or not into the metastable region.
The behavior of this ternary system
may be compared with that of a binary
system undergoing crystallization. The
temperature coordinate in binary be-
havior is analogous to the C-component
coordinate in the ternary system. Ab-
straction of C, like lowering of tem-
perature, carries the system from an
undersaturated to a supersaturated
condition, after which diffusion toward
the equilibrium is counterbalanced by
further C abstraction or temperature
lowering. The equilibrium (for that
particular phase) thereafter is always
approached from - the supersaturated
side.

Since -the approximations in the
authors’ calculation of driving potentials
appear to be comparable in their effect
to a change in the numerical value of
one or another of the mass transfer
coeflicients, these approximations ap-
pear not to affect the overall conclu-
sions reached. First, a crossing over
will generally occur in a phase for
which the solute-depletion slope is
steeper than the constant-mole-ratio
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slope (for the carrier and the minor
component in the phase). Second, de-
crease in the mass transfer coefficient
for the minor component in the phase
involved will cause the concentration
profile to deviate more widely from the
equilibrium line.

From the shapes of the graphs it is
noted first that ke and ke, work together
to produce a transfer of component C.
With ke/kei < 1, the restoring poten-
tials for components A and B become
relatively larger, and static equilibrium
is more nearly approached. Because
the effects of k¢ and ke do combine,
the influence of the coefficients k., and
kn is better explained by referring
them to an overall mass transfer co-
efficient koc, given by

1_1,.1

kOC kCl
In this relation m is the distribution
coefficient  (x¢2/%1).q, Whose mean
value calculated from the equilibrium
curve is 0.460. With k¢; = 1, and when
keo takes the values 2.0, 1.0, or 0.5, the
overall mass transfer coefficient koo
equals 0.479, 0.315, or 0.187, respec-
tively.

For Run 2 in Figure 3 and Run 4
in Figure 4, both having a high ratio
of ks /koo, the profile is close to equi-
librium in phase 1. For phase 2 the
ration k./kec governs, since the values
are different in Runs 2 and 4, and the
curves are different. Similarly a com-
parison of Run 8 of Figure 3 with Run
5 of Figure 4 shows that a high ratio
of ki/ke carries the profile close to
equilibrium in phase 2. For phase 1 the
ratio of ksi/koc governs.

The effect of ki/koc may be ex-
plained as follows. For phase 2 diffu-
sion of A from phase 1 to phase 2 has
the effect of pulling the concentration
profile toward the equilibrium curve
(whereas diffusion of C in the same
direction pulls the profile away from
the equilibrium curve). While the ef-
fect of A is not large enough to balance
completely the effect of C, it does
serve to determine how closely the pro-
file for phase 2 will approach the equi-
librium curve. For phase 1 the effect of
ksi/koo on the concentration path is
consistent with having the diffusion of
B oppose the diffusion of C and pull
the concentration path back toward the
equilibrium curve, when the composi-
tion is appreciably inside the two-phase
region (as was discussed in the pre-
ceding section).

(49)

mke,

Calculation of the Number of
Transfer Units

Extraction-tower performance is usu-
ally characterized by quantities first
introduced by Chilton and Colburn
and named by them number of transfer
units and height of a transfer unil.
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Fig. 8. Activity effect of the minor component
on thermodynamic driving potential (phase 1).

These quantities can be defined for
either phase 1 or phase 2, and on the
basis of either a single-phase resistance
or an effective overall resistance. They
are related to column height in the
following way:

Height of column = (function of mass
transfer coefficients) X (function of
separation performance) = (HTU)
(NTU) (50)

Here HTU has dimensions of length,
while NTU is dimensionless; within
this restriction the definitions of the
two must be compatible but are some-
what arbitrary. The usual practice is
to define the NTU value for a compo-
nent C with reference to a particular
phase p, as

@gpdout

(NTU)op=f(

209 in

d(moles C in phase p)

relative driving potential for C in p

(51)

with the driving potential known as a
function of the extent to which extrac-
tion has proceeded. Here, where the
flow rate is not constant, the number
of transfer units for component C in

phase 1 can be defined as
@gD out
(NTU)oo1 = f(wm)in {[ 1= xm]

Yer
m}d(ﬂ %e:) (52)

From the results of this investigation
one may determine the effect of con-
centration profile upon NTU value. For
the usual equilibrium-curve approxima-
tion to the profile the integrand term
multiplying the differential in Equation
(52) was plotted against F.x, and
was integrated numerically or graphi-
cally between the equilibrium-curve
values in (F, = 1.048, x,, = 0.291)
and out (F, = 0.732, x;;, = 0.056)

An,
Ang
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The corresponding NTU values for
the computed concentration profiles
were evaluated as part of the computer
calculation. The relation used was

An
A(NTU) oy = [1~ : xm]
Ang
koo . Yo1 Algy

kGl ((101 — am) (Fl)i“ (53)

where the v, g, and F values were all
evaluated at the start of each slice, and
the increments were added cumula-
tively. The result of this calculation is
identical to using dc. — @¢. as the driv-
ing potential and omitting the mass
transfer coefficient ratio. The following
values of overall NTU for component
C relative to phase 1 were obtained:

Equilibrium-curve approxima-
tion ... L.
Run 1 (intermediate approach
to equilibrium curve)
Run 7 (furthest departure
from equilibrium curve in both
phases
Run 5 (near approach to equi-
librium curve in both phases) .
Run 2 (near equilibrium curve
in phase 1, far from equilibrium
curve in phase 2)
Run 3 (near equilibrium curve
in phase 2, far from equilibrium
curve in phase 1)

3.94

4.04

3.75

4.00

4.74

If one compares Run 5 with the equi-
librium-curve approximation, one sees
that the NTU values are almost the
same, because the concentration path
for Run 5 is close to the equilibrium
curve. For the other values, when the
concentration path for phase 1 is far
from equilibrium, the NTU value may
either drop or rise, depending on
whether the concentration path is
mainly inside or mainly outside the
equilibrium curve. On the other hand,
when the concentration path for phase
2 is far from equilibrium, the NTU
value rises. Thus one often deals with
two opposite effects, and for intermedi-
ate cases one may get a partial com-
pensation.

The effect just described can be ex-
plained with the help of the constant-
activity line for component C, shown in
Figure 1. With reference to a material-
balance line drawn through an exterior
operating point (which will be in
nearly the same position for both the
equilibrium-curve treatment and any
concentration-profile calculation), it is
seen that g, < a@ciz when the concen-
tration profile for phase 1 is inside the
two-phase region. Thus the driving
potential (¢e: — ac.) is then smaller
than the driving potential for the equi-
librium-curve approximation, and the
contribution of phase 1 to the NTU
will be higher. When the concentration
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profile for phase 1 lies outside the equi-
librium curve, the driving potential is
larger, and the NTU contribution will
be less. In the same manner the con-
stant-activity lines for component C
show that when the concentration path
for phase 2 is outside the two-phase
region, dc.: is less than ae. This leads
to a smaller driving potential for @, —
ace and a higher NTU value than that
of the equilibrium-curve approximation.

Run 2 shows the greatest rise in the
NTU, resulting from increases due to
both phase 1 and phase 2. Run 3 shows
the greatest drop; here the drop from
phase 1 outside the equilibrium curve
overshadows the later rise due to phase
1 inside (and also the rise due to phase
2). Runs 1 and 7 reflect somewhat
similar behavior.

CONCLUSIONS

The conditions and results of this in-
vestigation are as follows.

1. Activity differences as driving-
potentials are more rigorous, from a
thermodynamic standpoint, than the
usual concentration driving-potential.
In this work the activity difference has
been selected on theoretical grounds
and has been found convenient to use.
The system taken for study is not so
nonideal that an alternate choice of
driving-potential would give a qualita-
tively different result.

2. The mass transfer coefficients se-
lected are used as ratios to the value for
the distributed solute in the raffinate
phase. They are corrected for net bulk
movement across the interface but
otherwise are treated as constants. In
each phase one coefficient is unspeci-
fied and is derived from the others by
the Gibbs-Duhem relation. For any
actual system the true extent of varia-
tion in mass transfer coefficient values
should lead to profiles that would be
bounded by the curves for different
combinations of constant coefficients
used in comparable theoretical calcu-
lations.

8. The concentration path does not
approach the equilibrium curve instan-
taneously and then follow it, as is often
assumed. Instead it may actually cross
the equilibrium curve for one phase
but stay away from it for the other.

4. The direction of diffusion of the
transferring component (C in this
study) is the main factor that deter-
mines whether a phase will cross the
equilibrium line. For the usual case
where the equilibrium shows an in-
crease of the minor component in each
phase as the transferring component is
augmented, the phase that loses the
transferring component is the one whose
composition tends to cross the equilib-
rium curve.
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5. The distance between the calcu-
lated concentration paths and the equi-
librium line depends on the mass trans-
fer coefficients. The larger the overall
coefficient for component A, the nearer
the phase 2 curve is to the equilibrium
curve; the larger the overall coefficient
for component B, the nearer phase 1
approaches the equilibrium curve.

6. Variation in the NTU values de-
pends largely on the separation be-
tween the calculated concentration path
and the equilibrium curve, in each
phase. For extreme cases the number
of transfer units calculated from the
exact concentration path can differ as
much as 10 to 209 from that calcu-
lated by the usual standard method.

7. Experimental verification of the
calculated effects is needed. If the pre-
dicted effect is real, two-component
analysis shonld replace single-compo-
nent analysis of interior or terminal
samples from operating extraction
equipment involving ternary systems.
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NOTATION

A = interfacial area per unit vol-
ume, sq. cm./cc.

a = activity

B = Margules constant, for Equa-
tion (1)

b = length coordinate, cm.

¢C = concentration, g.-moles/liter;

C, is total concentration or
molar density

= binary diffusion coefficient,
sq. cm./sec.
D. = modified diffusion coefficient
[Equation (19)]
D’ = modified diffusion coefficient

[Equation (24)]

diffusion coefficient multiply-
ing p gradient [Equation
(11a)]

differential operator

flowrate of a phase, g.-moles/
sec./sq. cm.

function of

partial molal free energy, cal./
g.-mole

height of a transfer unit, cm.
height in the extraction col-
umn, cm.

o
I

o S
I

=
I

f

=m Q
-
c

(I
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i = mass rate of transport, relative
to mass-average velocity, g./
sec./sq. cm.

J¥ = molar rate of transport, rela-

tive to molal-average velocity,
g.-moles/sec./sq. cm.

kk' = mass transfer coeficient, (g.-
mole/sec. sq. cm.)

(kA) = product of mass transfer co-
efficient and interfacial area
per unit volume (g.-mole/sec.

ce.)

L = function of Margules constants
for a ternary system [Equa-
tion (3)]

M = molecular weight

m = distribution coefficient, (x¢./
xCl)equl]

N = rate of transfer, g.-moles per
unit interfacial area per unit
time

NTU = number of transfer units

n = rate of transfer, g.-moles per
unit cross-sectional area per
unit time

R = universal gas constant, cal.
g.-mole °K.

T = absolute temperature, °K.

t = time

\% = variable

V* = molar-average velocity, cm.
sec.

x = mole fraction

z = variable

Greek Letters

« = numerical constant [Equation
(4)1

B = numerical constant [Equation
(5)1

v = activity coefficient, a/x

A = increment

P = density, g./cc.

I = chemical potential, cal./g.-
mole

Subscripts

AB,C = components of the ternary
system

E = equilibrium-line value

i == interface

i = bulk-phase

m = mean value

(0] = overall

p = phase

t = total

1 = phase rich in A

2 = phase rich in B

Superscript

*

= equilibrium
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Adsorption of Normal Paraffins and Sulfur
Compounds on Activated Carbon

R. J. GRANT, MILTON MANES and S. B. SMITH

Pittsburgh Chemical Company, Pittsburgh, Pennsylvenia

Adsorption isotherms on activated carbon were determined gravimetrically for normal C, and
Cs-Cs poraffins and subsequently for methyl, ethyl, and n-propy! mercaptans, hydrogen suifide,
carbonyl sulfide, and carbon disulfide, at pressures up to 1 atm. and from —23° to 100°C. Or-
thobaric fiquid densities ot low temperatures of some of the sulfur gases were determined
pycnometrically. The adsorption data on correlation by the method of Lewis, Gilliland, Chertow,
and Cadogan (1) gave two separate curves, one for the paraffins and one for the sulfur com-
pounds. The results show the correlation to be useful for estimating the adsorptive capacity of
chemically similar compounds from a minimum of experimental data.

The purpose of this work was to
determine in detail the isotherms of
individual normal paraffins on a single
granular activated carbon adsorbent
and, if possible, to correlate the iso-
therms by the method of Lewis, et al.
(1). When isotherms of methane and
n-butane were determined initially on
a conventional volumetric adsorption
apparatus and the results correlated,
the n-butane isotherms diverged in the
direction of lower capacity, in a man-
ner similar to that previously noted by
Walters (2). The effect observed could
be explained by solubility of n-butane
in the stopcock grease. A gravimetric
adsorption apparatus with the McBain
balance principle was therefore con-
structed; it gave consistent isotherms

S. B. Smith is with A, D. Little, Inc.,, Cam-
bridge, Massachusetts.

Yol. 8, No. 3

of methane and of propane to hexane.
Subsequently for operating convenience
a completely grease-free gravimetric

system was constructed and used to
determine the adsorption isotherms of
a series of sulfur-containing compounds.
The results were treated in the same
fashion as the hydrocarbon data.

EXPERIMENTAL PROCEDURE

Apparatus

The McBain adsorption balance finally
adopted was constructed of Pyrex pipe
(adsorption chambers) and stainless steel

100,

s

7

WE!GHT ADSORBED, LBS. /7 100 LBS CARBON

® CH4 =9°F
A ® CHa T7°F
o N °
J o O CHa 170°F
Q.1 (K] 10 100 1000
PRESSURE, PSIA
Fig. 1. Adsorption isotherms of methane on BPL (4 X 10)

activated carbon.
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